
Math303 Homework 7 Due: Mon. Oct 12, 2026

Directions: You may work to solve these problems in groups, but all written work must be your 
own. Unless the problem indicates otherwise, all problems require some justification; a correct 
answer without supporting reasoning is not sufficient. See “Guidelines and advice” on the course 
webpage for more information.

1. Prove that if 𝑛 ∈ Z, then 5𝑛2 + 3𝑛+ 7 is odd. Hint: try cases.

2. Proof critiques. Give a critique of each claimed proof below. A proof critique addresses the 
following questions: (1) Is the proof correct? (2) If correct, can the proof be improved in 
some way? (3) If incorrect, what is/are the error(s)? Can they be fixed, and if so, how?

(a) Theorem 1. If 𝑥 and 𝑦 are real numbers, then 𝑥+𝑦
2 ≥ √

𝑥𝑦.

Proof. 

𝑥+ 𝑦

2
≥ √

𝑥𝑦

𝑥+ 𝑦 ≥ 2
√
𝑥𝑦

(𝑥+ 𝑦)2 ≥ 4𝑥𝑦

𝑥2 + 2𝑥𝑦 + 𝑦2 ≥ 4𝑥𝑦

𝑥2 − 2𝑥𝑦 + 𝑦2 ≥ 0

(𝑥− 𝑦)2 ≥ 0

(b) Theorem 2. All real numbers are equal.

Proof. Let 𝑥 and 𝑦 be real numbers. Observe that

𝑥2 − 𝑦2 = (𝑥− 𝑦)(𝑥+ 𝑦) = 𝑥(𝑥+ 𝑦)− 𝑦(𝑥+ 𝑦).

After rearranging terms, this becomes 𝑥2 − 𝑥(𝑥+ 𝑦) = 𝑦2 − 𝑦(𝑥+ 𝑦). Adding (𝑥+𝑦)2

4  to 
both sides gives 𝑥2−𝑥(𝑥+𝑦)+ (𝑥+𝑦)2

4 = 𝑦2−𝑦(𝑥+𝑦)+ (𝑥+𝑦)2

4 . Factoring both sides, we see 
that (𝑥− 𝑥+𝑦

2 )2 = (𝑦− 𝑥+𝑦
2 )2 and taking the square root gives 𝑥− 𝑥+𝑦

2 = 𝑦− 𝑥+𝑦
2 . Adding 

𝑥+𝑦
2  to both sides gives 𝑥 = 𝑦. Since 𝑥 and 𝑦 were arbitrarily chosen real numbers, it 

follows that all real numbers are equal.

(c) Theorem 3. If 𝑛 ∈ Z, then 𝑛2 = 3𝑘 or 𝑛2 = 3𝑘 + 1 for some 𝑘 ∈ Z.

Proof. Suppose that 𝑛 ∈ Z. By the division algorithm, it follows that 𝑛 = 3𝑞 + 𝑟 for 
some integers 𝑞 and 𝑟 with 0 ≤ 𝑟 < 3. Since 𝑟 is an integer and 0 ≤ 𝑟 < 3, it follows 
that 𝑟 ∈ {0, 1, 2}. We consider three cases, depending on the value of 𝑟.

 Case 1: If 𝑟 = 0, then 𝑛2 = (3𝑞 + 0)2 = 9𝑞2 = 3(3𝑞2), and so 𝑛2 = 3𝑘 when we 
set 𝑘 equal to the integer 3𝑞2.

 Case 2: If 𝑟 = 1, then 𝑛2 = (3𝑞 + 1)2 = 9𝑞2 + 6𝑞 + 1 = 3(3𝑞2 + 2𝑞) + 1, and so 
𝑛2 = 3𝑘 + 1 when we set 𝑘 equal to the integer 3𝑞2 + 2𝑞.

 Case 3: If 𝑟 = 2, then 𝑛2 = (3𝑞 + 2)2 = 9𝑞2 + 12𝑞 + 4 = 3(3𝑞2 + 4𝑞 + 1) + 1, and 
so 𝑛2 = 3𝑘 + 1 when we set 𝑘 equal to the integer 3𝑞2 + 4𝑞 + 1.
In all cases, we have that 𝑛2 = 3𝑘 or 𝑛2 = 3𝑘 + 1 for some integer 𝑘.
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(d) Theorem 4. Let 𝑎, 𝑏, 𝑐 ∈ Z. If 𝑎 | 𝑏 and 𝑏 | 𝑐, then 𝑎 | 𝑐.

Proof. Since 𝑎 | 𝑏, we have that 𝑏 = 𝑘𝑎 for some integer 𝑘. Similarly, since 𝑏 | 𝑐, it follows 
that 𝑐 = 𝑘𝑏 for some integer 𝑘. Therefore 𝑐 = 𝑘𝑏 = 𝑘(𝑘𝑎) = 𝑘2𝑎. Since 𝑘2 is an integer, 
it follows that 𝑎 | 𝑐.

3. Recall that an integer 𝑝 is prime if 𝑝 ≥ 2 and the only positive divisors of 𝑝 are 1 and 𝑝. 
Prove that if 𝑛 is a positive integer, 𝑛 ≥ 2, and 𝑛 is not prime, then 2𝑛−1 is not prime. Hint: 
recall the geometric series formula: 

P𝑛
𝑘=0 𝑎

𝑘 = 𝑎𝑛+1−1
𝑎−1  for 𝑎 ̸= 1.

4. Use the method of direct proof to prove the following.

(a) Suppose 𝑎 is an integer. If 7 | 4𝑎, then 7 | 𝑎. Hint: consider the equation 𝑎 = 8𝑎− 7𝑎.
(b) Suppose 𝑎, 𝑏, and 𝑐 are integers. If 𝑎2 | 𝑏 and 𝑏3 | 𝑐, then 𝑎6 | 𝑐.
(c) If 𝑥 ∈ R and 0 < 𝑥 < 4, then 4

𝑥(4−𝑥) ≥ 1.

(d) Every odd integer is a difference of two squares. (Example: 7 = 42 − 32).

5. We want to cover the 100 vertices in a 10× 10 square grid with lines that are not parallel to 
the sides. What is the fewest number of lines such that this is possible? A full answer (1) 
explains how to do it with a certain number of lines and (2) argues that it is not possible to 
do it with fewer lines.
For example, a 3 × 3 square grid can be covered by 4 lines not parallel to the square (see 
figure below). Can you argue that 3 lines is not enough? Hint: think about the boundary of 
the grid.




