Math375 Test 2 Qctober 8, 2015

Name: SC} g U’i-) M 5

Directions: Show all work. Answers without work generally do not earn points.

1. [3 parts, 3 points each] Let A = {-9,2,4,{5,6},(9,7),2}, let B = {n? | n € Z}, let
C ={4,{6,5},(7,9), {@}}. NP ;

(a) Deteli;(nine |A| and |C}.
|A=6
lcl=4

(b) Find ANC. What is |[ANC[?

AaC=§4 1583  [AnC]=2

(c) Find AN B. What is |[AN B|?

AaB=54%  [AnBl=|

2. [5 points] Let A = {1}. F‘ind ’P(’P(AZ)_
P(A) = g £33
AP -2, 83 1033 8, 0333

3. [b points] Lét A be the set of all subsets of {1,2,3,4,5} that do not contain two consecutive
integers. List the elements of A. What is |A|?

A- gg?); (3,82} ¢33 143 19
WB 1,3, 14s tst {243 fas) 1353

1,553 5 [1A1= 13

e,
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4. [5 parts, 3 points each] A town of n people needs to form a committee of k& people with a
leader. (The leader must be one of the committee members.)

(a) Suppose we choose the k committee members first and then we choose a leader from the

committee. Using this scheme, determine the number of ways to select a committee of
size k with a leader.

]

_j‘ :'“i;(@e»u,. [QMO‘W

¢ ketse. comeitite,

(b) Suppose we choose the leader first and then choose the rest of the committee. Using this
scheme, determine the number of ways to select a committee of size k with a leader.

W ﬂ.. ‘Q_ «Li/teaw
Ciweiﬁ {»ﬂaﬁﬂ*" \\ QM% fm; P@@?MPO_:OP c&ai)leﬁi- tea,

et i ¢ ﬁ
(c) What conclusion, if any, can you draw from parts (a) and (b)? ¢

-4 ')
-1/
Bot sds Comd T Some Thing
(d) The town decides the size of the committee is no longer important. Using the scheme

where the leader is chosen first, count the number of ways to form a committee of any
size with a leader.

Ne—chosst.  on Scbsut ty S
Chscte (eai@r’ qﬂmr o rext Az W eer{é

(e) Find a simple formula for the sum Y7, o k(7).

S ok A combr ol of i b aer
T el pmilse

N A A=}
=(1) = nl
=

2
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5. [3 parts, 4 points each] Recall that N x IN = {(z,y) | # € IN and y € IN}. Each of the
following parts claims to list the elements of IN x IN (and therefore prove that IN x IN is
countable). Decide whether or not each list is correct. If incorrect, describe why.

(a) Begin by listing the pairs where 3 = 0, so that the list begins (0,0), (1,0),(2,0),....

- Next, list all the pairs where y = 1, so that the list continues (0,1),(1,1),(2,1),....
Next list all the pairs where y = 2, and so on.

m. We will  Mever :ﬁf;}sh with Ca/c«,)/q,o;(;c\;p__

@m(} moe. o do F&:V;S («‘f,;/) wz’h y?_f

(b) Begin by listing all the pairs (z,y) where max(z,y) = 0, so that the list begins (0,0).
Next, list all the pairs where max(z,y) = 1, so that the list continues (1,0), (1, 1), (0,1).
Next, list all the pairs where max(z,y) = 2, and so on.

[Correct.

(c) For each possible value of z, we iterate over all values of y from 0 to z. The list begins
(0,0),(1,0}(1,1),(2,0},(2,1),(2,2), (3,0),....

(IM? f)\}g w” ;w? Z:S'l“ pmd Cb )/) LJZ(D_/Q
9> x.
6. [4 points] Why did mathematicians switch from Naive Set Theory to Axiomatic Set Theory?
MS szu%x &W ‘ﬂw]f N@\f& Set Mj S
N (osistent — # ol ore alloved b hove e sof

0= S he heny don vedse ReR e RER 5
f 3 ?ogsc*b[al
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7. Let & = {0,1}.

(a) [3 points] What is |£3|?

15°] = fn o x: < eiqn ) = 2 <|g]

A
2 ¢ larey pp{ el

(b) [3 points] Write down the set X9 explicitly.

T N suphy Seing hes Ll O,

(c) [4 points] Let A be the set of all strings over % of even length and let B be the set of
all strings over ¥ of odd length. Give a simple English description for the language AB.

slwlut . Ovean }Déus Orme &gag) A a?jy/ AB Pss
T sef afshwjﬁ %Jéf a@ajﬁa. bt 5, AB =B,

8. [2 parts, 4 points each] Let ¥ = {a,b,c}. Let D be the set of all words over ¥ in which
every a appears before every b. For example, agcaccachbh and bbeb are both in D but bbab is
not in D). Let F be the set of all words over % in which every b appears before every a.

(a) Is it true that D U E = ¥*? Explain why or why not.

NeE AS’H\% weh oﬂeym{nﬁ &5 o L’s‘/ Swel ea qé@}
i not m TDUE°

(b) Give a simple, English description for the language D N E.

DoE B 5;9,{—57&@5#1/73 Tk wifhir hove e
a5 of kas ns bs.
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9. [3 parts, 4 points each] Let & = {0, 1} and let 4 be the language over ¥ defined recursively
as follows: '

1. Ae A 2. If x € A, then z0x € A. 3. f z € A, then zlz ¢ A.
(a) List all words in A of length at most 3.

L)() 0,1, 000, 010,00 L]

(b) How many words in A have length 77

Aﬁl‘j (2) o (3) do 0 § B 4 Shuigs m A 7”&77%15

.41 -

{c) Give an example of a word of length 7 that is a palindrome but is not in A.

@HVQHOI

10. Let ¥ = {a,b} and let M be the following automaton.

a b a b
(¥ | b

(a) [4 points] List the sequence of states thateresults when M is given abbab as input. Is
abbab € L{M)?

Skbes: ¢, 4z, frifn, 85, %2 Eﬁd &AEQ{’J,@Z—(M

-

(b) [6 boints] Give a simple English description of L{M).

L{M) B fe sch ;Mﬂ shigs i J lesgh o Lot 2
Yot Skt and ad Wt T g Sy tbol.

5
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11. [10 points} Let ¥ = {a,b, ¢}, and let A be the language of all strings over ¥ that do not
contain consecutive repeated symbols. For example, abacbcba € A but abbac € A. Construct
a finite automaton that recognizes A.

4

Kﬂ’? Stales dé/ e Lnst QJM!&J/{-M‘



